The configuration interaction (CI) method, using a very large Laguerre orbital basis, is applied to the calculation of the He ground state. The largest calculations included a minimum of 35 radial orbitals for each ᐉ ranging from 0 to 12, resulting in basis sets in excess of 400 orbitals. The convergence of the energy and electron-electron ␦-function with respect to J (the maximum angular momenta of the orbitals included in the CI expansion) were investigated in detail. Extrapolations to the limit of infinite angular momentum using expansions of the type
Introduction

L
arge configuration interaction (CI) calculations of the helium (He) ground state are performed here to elucidate more precisely the convergence properties of the CI expansion for this atom. The general properties of the CI expansion have been known since the seminal work of Schwartz [1] , which provided the underlying foundation for the later analytic and computational investigations [2] [3] [4] [5] [6] [7] [8] . The CI expansion using single-center orbitals is slowly convergent with respect to J, the maximum angular momentum of any orbital included in the CI expansion. In particular, the leading term to the energy increment is expected to behave at high J as Although a number of very large CI calculations have been performed on He, all the earlier calculations using analytic basis sets treat the higher J contributions to the energy with less precision than the low J contributions. Typically, the number of radial orbitals for the high ᐉ is smaller than the number of low ᐉ. The justification for this is that the high ᐉ partial waves make a smaller contribution to the energy and other expectation values than the low ᐉ orbitals. At first sight, this approach would seem reasonable for obtaining estimates of the total energy. However, this approach does lead to problems when studying the convergence properties of CI expansion itself. It is necessary to ensure that the successive contributions to the energy are obtained with the same relative accuracy, and this can hardly be guaranteed with a radial basis that decreases in size as ᐉ increases. Indeed, the evidence suggests that the dimension of the radial basis should be increased as J increases if the relative accuracy of the energy is to be maintained [9, 10] .
The convergence problems present in CI calculations of atomic and molecular structure are also present in a more severe manner in CI calculations of the positron-atom problem. The CI method has recently been applied to the study of positronic atoms (electronically stable states consisting of a positron bound to an atom) [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] and also to positron-atom scattering states [21] [22] [23] . The attractive electron-positron interaction leads to the formation of a Ps cluster (i.e., something akin to a positronium atom) in the outer valence region of the atom [12, 19, 24, 25] .
The accurate representation of a Ps cluster using only single-particle orbitals centered on the nucleus requires the inclusion of orbitals with much higher angular momenta than a roughly equivalent electron-only calculation [11, 12, 26, 27] . In the most extreme case so far considered, i.e., e ϩ Li, a calculation with J ϭ 30 was required before the energy had decreased enough to establish binding. Given that He is described as slowly convergent [1] , one struggles to find an adjective that could characterize the convergence properties of positronic systems! The two most important expectation values for positronic systems are the energy, and the rate for electron-positron annihilation. The annihilation rate, which is proportional to the expectation of the electron-positron ␦-function, has the inconvenient property that it is even more slowly convergent than the energy with respect to orbital angular momentum. One has successive increments decreasing at high J according to [7, 15, 28] :
To put this in perspective, it would take a calculation with J Ϸ 250 to recover 99% of the PsH annihilation rate [10] . In addition to the slow convergence with J, the ␦-function operator also exhibits very slow convergence with respect to the radial basis [10] .
In the present work, large basis CI calculations of the He ground state are performed to understand more exactly the convergence of the CI expansion. Since the properties of the He ground state are known to high precision, it is a very useful laboratory system with which to test methods of extrapolating the radial and partial wave expansions to completion. The insights obtained from helium should then be applicable to positronic systems and also possibly give additional guidance as to how to approach purely electronic systems. Besides looking at the energy, the convergence of the CI expansion of the electron-electron ␦-function expectation value is also studied due to its relation with the electron-positron annihilation operator (which is also a ␦-function). It should be noted that the ␦-function operator also appears in the Breit-Pauli relativistic correction as the two-body Darwin interaction [7, 29] . The present work builds on an earlier investigation that studied the convergence of the radial basis in a simplified model of the helium atom, which only included l ϭ 0 orbitals [30] .
CI Method and Convergence Properties
The CI wave function in a single-center basis is a linear combination of anti-symmetrized two-electron states with the usual Clebsch-Gordan coupling coefficients:
The functions (r) are single-electron orbitals written as a product of a radial function and a spherical harmonic: 
where A ␦ is believed to be [7] A ␦ ϭ Ϫ4 ͵ ͉⌿͑r, r, 0͉͒ Note that Ottschofski and Kutzelnigg give a formula similar to this for the leading relativistic contribution to the energy of two-electron atoms. We have assumed that the slow A ␦ /[ J ϩ (1/2)] 2 convergence is due to the two-electron Darwin term. Gribakin and Ludlow [28] have also derived an expression equivalent to Eq. (12) within the context of positron annihilation. The numerical value was taken from a variational wave function of the He ground state with a basis of 250 explicitly correlated Gaussians and an energy of Ϫ2.9037243752 Hartree.
As can be imagined, there have been a number of very large CI calculations on the He ground state that have addressed the convergence issue [2, 4 -6, 8, 32] . These calculations can be roughly divided into two classes: those that represent the radial wave function on a grid or used piecewise polynomials [2, 5, 32] , and those that describe the radial wave function as a linear combination of analytic basis functions [4, 6, 8] . The first systematic calculation was the seminal investigation by Carroll, Silverstone, and Metzger (CSM) [2] , who used a piecewise polynomial basis to construct a natural orbital expansion. Besides performing some very large calculations, they also estimated the completeness limit of their radial basis. The largest explicit calculation by CSM will be termed the CSM calculation, while the extrapolated calculation will be denoted as CSM ϱ . Despite their importance, these calculations have been largely superseded by the gridbased calculation of Salomonson and Ö ster (SO) [32] and the B-spline calculation of Decleva, Lisini, and Venuti (DLV) [5] . The SO calculation obtained energies, ͗E͘ J accurate to ϳ10 Ϫ8 Hartree by extrapolating the radial basis to the variational limit. This extreme level of accuracy has not been achievable with the three calculations that used Slater-type orbitals (STOs) to represent the radial wave function [4, 6, 8] . Linear dependence problems become severe as the basis set is expanded toward completeness. Indeed, recourse was made to very highprecision (REAL*24) arithmetic in the Sims and Hagstrom (SH) calculation [8] , which is the largest calculation of this type so far reported.
Present CI Calculations
The present calculations use a basis set consisting of Laguerre-type orbitals (LTOs) [15, 16, 33, 34] . The LTOs of a given ᐉ are chosen to have a common exponential parameter, which means they are automatically orthogonal. Hence, the basis can be expanded toward completeness without causing any linear dependence problems. The CI basis can be characterized by the index J, the maximum orbital angular momentum of any single-electron orbital included in the expansion of the wave function. It should be noted that all matrix elements were evaluated using Gaussian quadrature, even though the basis functions have an analytical form [15] .
Three sets of calculations have been performed for the He ground state. In the first set, there were 20 LTOs per ᐉ with the largest calculation including orbitals up to ᐉ ϭ 12. The LTO exponents for a given ᐉ were the same, and the values of the exponents were optimized in a quasi-perturbative fashion. The exponents for ᐉ ϭ 0, 1, and 2 orbitals were optimized in a CI calculation with all 60 orbitals. The exponents for ᐉ Ͼ 2 were optimized separately for each ᐉ with CI calculations that also included the ᐉ ϭ 0, 1, 2 orbitals. Once the exponents were optimized, a sequence of calculations to give the ͗E͘ J and ͗␦͘ J for successive J were carried out. The basis is denoted the 20LTO basis. The results of the calculations with this basis are reported in Table I .
The second set of calculations were much larger. Here there were 35 LTOs per ᐉ with the exception of ᐉ ϭ 0 and 1, where 44 and 36 LTOs were used, respectively. The orbital exponents were optimized for each ᐉ in a manner similar to that described Table I . The idea behind the third calculation was to exploit extrapolation techniques to estimate the variational limit for each partial wave. A sequence of calculations with 32, 33, 34, and 35 LTOs per ᐉ was done for a basis that was defined with the same exponential parameters as the 20LTO calculation. The number of basis functions were varied so that all partial waves had the same basis dimension. Optimizing the LTO basis for the largest radial basis has been shown to result in distortions in the convergence pattern with respect to the number of radial basis functions. This can be avoided if the basis is optimized in a basis that has at least 10 fewer LTOs per ᐉ than the active calculation [30] . The variational limit for the radial basis can be estimated by fitting the increments to ͗E͘ and ͗␦͘ to the inverse series [30] :
It is possible to estimate the N 3 ϱ limits for the radial basis once the a E , a ␦ , b E , . . . coefficients have been determined. A two-term series was used for both Eqs. (13) and (14) . It would have been preferable to use three-term series, but the impact of round-off error rendered this impractical. The basis for this set of calculations is denoted the 35LTO* basis, while the basis including the N 3 ϱ correction is termed the 35LTO* ϱ basis. The energies and expectation values for these two calculations are listed in Table II . 
Investigation of the Partial Wave Sequence
The validity of these results can be tested by examining the energy increments of large CI calculations of helium. Besides the present calculations, data from a number of previous CI calculations have been used. Table III gives the energies of the present 35LTO and 35LTO* ϱ basis sets, along with the SH, CSM ϱ , SO ϱ , and DLV calculations. These same sets of data are also presented as energy differences between consecutive calculations ⌬E J . The energies of the SH calculation, which used the even-tempered STO basis, are consistently the worst, and are 3 ϫ 10 Ϫ7 Hartree larger than the 35LTO calculation at J ϭ 12. Even though CSM ϱ does attempt to achieve the variational limit for each J, in reality it is only about as good as the 35LTO calculation. Indeed, for J Ͼ 7, the CSM ϱ values of ⌬E J were smaller than those of the 35LTO calculation. The present 35LTO* ϱ , SO ϱ and DLV calculations are in agreement to 10 Ϫ8 Hartree (or better) for J Յ 4. This is expected, since all three calculations are large and use extrapolation techniques to achieve the variational limit. The energy difference between the 35LTO and 35LTO* ϱ energies gives an indication of the incompleteness of the 35LTO basis and by J ϭ 12 the difference is 0.96 ϫ 10 Ϫ7 Hartree. The good agreement between the 35LTO* ϱ , SO ϱ , and DLV energies is not present for J Ն 5. Although 
SCRUTINY OF THE PARTIAL WAVE INCREMENTS
A useful way to scrutinize the partial wave series is to assume a power law decay of the form
and determine the value of p for a succession of three ͗X͘ J values using
ͪ . (16) The exponent derived from the energy increments is p E while the exponent derived from the ␦-function increments is p ␦ . One expects p E 3 4 [1] and p ␦ 3 2 as J 3 ϱ [7, 28] , in agreement with Eqs. (8) and (11) . The values of p E for the He energies presented in Table III are plotted in Figure 1 as a function of J. One of the noticeable features of Figure 1 are the irregularities in some of the calculations, e.g., the SO ϱ , CSM ϱ , and 35LTO * ϱ calculations. The fluctuations in the present 35LTO* ϱ curve are due to the impact of the round-off error on the radial extrapolations. Determination of the coefficients in Eq. (13) involves the subtraction of the energies for calculations that differ by a single LTO. The resulting energy differences are very small and are therefore susceptible to the essentially random errors resulting from round-off that gradually accumulate during the course of the computations. The irregularities in the CSM ϱ and SO ϱ curves are a consequence of the number of digits at which the energies were published [2, 32] . Plots of p E vs J were examined (but not plotted in Fig. 1 ) for some calculations [6, 8] that used an STO basis set. These plots of p E showed much larger fluctuations than any of the calculations depicted in Figure 1 .
The smaller 20LTO and CSM ϱ calculations had plots of p E vs J that tended to level out at p E Ϸ 4.05. Indeed, the tendency for 20LTO trajectory to curve up indicates that the successive ⌬E J increments are decreasing too quickly at the higher J values. The larger SO ϱ , DLV, 35LTO, and 35LTO * ϱ calculations have p E versus J trajectories that steadily decrease with increasing J and appear to be approaching the expected limit of p E ϭ 4, although this is somewhat obscured for the SO ϱ and 35LTO * ϱ curves. It will be demonstrated later that the behavior of the 20LTO and CSM ϱ curves is due to slower convergence of the radial basis at high ᐉ.
The tendency for p E to approach the limiting value of 4 from above is a consequence of the fact that the A E and B E coefficients of Eq. (8) have the same sign. The coefficients A E and B E are derived from second-and third-order perturbation theory, respectively [3, 7] , and have the same sign due to repulsive nature of the electron-electron interaction. One surmises that a mixed electron-positron system, with its attractive electron-positron interaction, should have p E 3 4 from below, and this is indeed the case [10, [15] [16] [17] [18] .
The incremental exponent for the ␦-function, p ␦ , is shown in Figure 2 for the 20LTO, 35LTO, and 35LTO* ϱ basis sets. It should be noted that the val- Table III .
Equation (18) can be regarded as an approximation
dL integral using the midpoint rule. This approximation is accurate to 0.1% for p ϭ 2 and J ϭ 7. Tables I and II give estimates of ͗E͘ ϱ and ͗␦͘ ϱ using the calculated values at the largest possible J values to determine the J 3 ϱ corrections. Figure 4 shows that the quality of the 35LTO energy extrapolation using method 1 is inferior to methods 2 and 3, which give ͗E͘ ϱ energies in agreement with each other at the 10 Ϫ9 Hartree level for J Ն 8. However, using the 35LTO energies in conjunction with methods 2 and 3 gives ͗E͘ ϱ values that are too large by ϳ10 Ϫ7 Hartree. This is a consequence of using a large but not quite complete radial basis. The use of the 35LTO* ϱ energies results in an energy limit that is an order of magnitude more precise than those of the 35LTO basis. Using method 2 for the J ϭ 10, 11, 12 35LTO* ϱ energies gave ͗E͘ ϱ ϭ Ϫ2.903 724 378 Hartree, an energy that is in error by 10 Ϫ9 Hartree. The J 3 ϱ corrections were only made using method 2, since the more sophisticated method 3 is more sensitive to the imperfections of the smoothed data sets. The smoothed energy sequence is probably not a perfect reproduction of the actual sequence and there is a tendency for the ͗E͘ ϱ limit to be more negative than the exact energy. The method 3 estimate of ͗E͘ negative than the exact energy. A similar level of accuracy was achieved in the earlier SO ϱ calculation; their estimate of the energy in the J 3 ϱ limit was Ϫ2.903 724 39 Hartree [32] .
The difficulties in obtaining sub-0.1% accuracy in ͗␦͘ ϱ for the 35LTO sequence are readily apparent from Figure 5 . As one increases J, the estimates of ͗␦͘ ϱ also increase and the discrepancy with the accurate value of Drake [31] gets larger. The ultimate accuracy achievable for the 35LTO basis is 0.1-0.5%. The apparent superiority of method 1 for the 35LTO basis arises because errors resulting from a finite dimension radial basis act to partially cancel errors that arise from this least sophisticated J 3 ϱ extrapolation.
However, use of the 35LTO* ϱ sequence permitted a much more accurate extrapolation to the J 3 ϱ limit. The 35LTO* ϱ basis gives estimates of ͗␦͘ ϱ that are two orders of magnitude more precise. The method 2 extrapolation was only 6 ϫ 10 Ϫ6 a 0 3 larger than the exact value [31] . While the radial extrapolations introduced fluctuations into the ͗␦͘ J values, the relative size of the individual ⌬␦ J increments were much larger than the ⌬E J increments, and thus did not lead to fluctuations in ͗␦͘ ϱ as long as method 2 was used for the angular extrapolations. However, the use of method 3 resulted in fluctuations of order 10 Ϫ5 a 0 3 in ͗␦͘ ϱ , so it is not depicted in Figure 5 .
COEFFICIENTS OF THE INVERSE POWER SERIES
The coefficients of the asymptotic forms (8) and (11) are known a priori from Eqs. (9), (10) , and (12) . Estimates of these parameters are also obtained during the fit of the inverse power series to a set of ͗E͘ J or ͗␦͘ J . An ideal consistency check would be estimates of A E and A ␦ that steadily approached Ϫ0.074226 and Ϫ0.04287 as J increased and as the number of terms included in Eqs. (8) and (11) increased. Unfortunately, this has not yet been achieved. The least-squares analysis of the CSM ϱ energies gave A E ϭ Ϫ0.0740 and B E ϭ 0.031 [2] . However, this value of A E is only achieved when using ͗E͘ J for J ʦ [5, 8] . The very large calculations of DLV reported A E ϭ Ϫ0.07415 and B E ϭ 0.0317 [5] . However, a cursory examination of Figure 6 , which depicts values of A E obtained from three successive ͗E͘ J energies demonstrates that their value of A E is not converging to Ϫ0.074226 with increasing J. Applying the more sophisticated 3-term inverse power series to the DLV energies leads to an A E that exhibits a 4% variation between J ϭ 6 and J ϭ 13. Table IV of Ref. [5] , since this avoided the discontinuity at J ϭ 4 and gave a smooth curve.
Eq. (8) . Fits were performed with both methods 2 and 3 for the 35LTO energy sets, and only with method 2 (for the reasons discussed earlier) to the 35LTO* ϱ sequence. The A E coefficients for a given method are computed using the minimum range of J values that permitted the unique determination of the coefficients.
Application of method 2 to the 35LTO data reveals that A E achieves a minimum value of A E ϭ Ϫ0.07413 at J ϭ 7 before increasing at larger J. Application of method 3 results in values of A E that are clearly not approaching the correct value. This should be expected, since it has been demonstrated that the 35LTO ⌬E J are underestimated increasingly as J increases. It would therefore be hoped that values of A E J extracted from the 35LTO * ϱ would show better convergence to the expected limit as J increases. This expectation has only been partly realized, there are indications that A E may be converging to the correct value, but the application of smoothing has probably introduced a systematic bias that resulted in a tendency to overestimate the magnitude of A E . Figure 7 shows the values A ␦ as obtained from the 35LTO basis using methods 1, 2, and 3 as a function of J. None of the calculations using the 35LTO basis resulted in an A ␦ vs J curve that approached the correct value as J increased. This is another manifestation of the very slow convergence of ͗␦͘ J with respect to the dimension of the radial basis set. There was a significant improvement when A ␦ was extracted from the 35LTO * ϱ sequence using method 2. In this case, A ␦ appears to be converging to the expected value of Ϫ0.04287 and at J ϭ 12 one obtains A ␦ ϭ Ϫ0.04282.
The small irregularities in the 35LTO* ϱ ͗␦͘ J sequence resulted in irregularities in A ␦ when using the more sophisticated and sensitive method 3 fit; so this was not depicted in Figure 7 . It is also worth noting that A ␦ was also subject to irregularities of Ϯ2% when the Davidson method was used to diagonalize the Hamiltonian and generate the ground-state wave function.
Summary and Conclusions
The results of a set of very large CI calculations of the He ground state have been presented. The largest explicit CI calculation reported with a minimum of 35 LTO's per ᐉ gave an energy that was accurate to 1.2 ϫ 10 Ϫ5 Hartree. Including energy corrections obtained from the two-and three-term inverse power series in J resulted in a He ground state energy that was accurate to Ϸ1 ϫ 10 Ϫ7 Hartree. Improved accuracy required the use of extrapolations in the radial basis set to get an estimate of the variational limit for ͗E͘ J . This permitted the He ground-state energy to be predicted to Ͻ10 Ϫ8 Hartree, an improvement of a factor of 1,000 over the largest explicit calculation. The main impediments to more refined predictions of the He ground state are those due to round-off errors. Estimating the coefficients of the inverse power series involves manipulating very small energy differences which will be sensitive to round-off errors. The fluctuations in the radial extrapolation were about 2 ϫ 10 Ϫ9 Hartree at J ϭ 12. While this in itself is not that bad, these fluctuations are magnified by an order of magnitude when the angular momentum extrapolation is then carried out. The impact of the fluctuations was somewhat mitigated by the introduction of a smoothing procedure, at the cost of introducing a small systematic error.
Prediction of the electron-electron ␦-function was considerably more difficult due to the O[L ϩ 1/2] 2 convergence. In this case, the explicit calculation was accurate to 3% at J ϭ 12. Application of the inverse power series (method 2) to include higher J contributions improved the accuracy to 0.3%. The main reason for the low accuracy was the slow convergence with respect to the number of radial basis functions. The relative accuracy of suc- cessive ⌬␦ J increments decreases as J increases if the number of radial basis functions per ᐉ is kept the same. Once again, extrapolating the radial basis to the variational limit lead to an improved prediction of ͗␦͘. The best CI estimate of ͗␦͘ ϭ 0.106341 a 0 3 was within 0.01% of the close to exact variational estimate [31] . The extrapolations of ͗␦͘ were less susceptible to round-off error simply because the ⌬␦ J increments were larger.
While the use of extrapolations improved the quality of the calculation, the full potential of the method has not been realized due to round-off error. The radial matrix elements are evaluated with Gaussian quadratures and the achievable precision for the larger calculations is ϳ10 Ϫ12 Hartree. This accuracy could be improved by either the development of a convenient analytic form for the electron-electron matrix elements or the usage of quadruple precision arithmetic. This would then permit the use of inverse power series with more terms leading to improved radial and angular extrapolations. For example, an accuracy of 10
Ϫ14
Hartree was achievable for a CI calculation restricted to ᐉ ϭ 0 orbitals [30] .
These results have implications for the prediction of the annihilation rate of positronic atoms from single-center CI-type calculations [10] . Some sort of extrapolation in J is needed to determine the energy and more particularly the annihilation rate. One way to minimize the impact of the extrapolation in J is to run the calculation to the highest possible angular momentum. However, the high J parts of the annihilation rate will tend to be increasingly underestimated as J increases unless accurate estimates of the radial variational limit can be made. Since this can now be achieved for a Laguerre basis [30] , it eminently conceivable that estimates of the annihilation rate at Ͼ0.1% accuracies will be achievable for single-center basis sets.
